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In this note we consider the question of determining those integral domains R with 
the property that each ideal I of R[X], such that R[X]/I is R-flat, is principal. This 
immediately translates into questions about Picard groups and leads to a converse to 
a result of P. Samuel which says that for a Gull domain R, if Pit(R) = 0, then the 
canonical map of class groups C(R) + C(R(X)) is an isomorphism. 
Throughout this note, R is an integral domain with quotient field K and R[X] 
denotes the polynomial ring over R in a single indeterminate. If f E R [Xl, c(f) is the 
ideal of R generated by the coefficients of f. We let N = cf~ R[X]lc(f) = R} and 
R(X) = N-‘R [Xl. If T is a multiplicatively closed subset of a ring A, then as in [3, p. 
1361 we let Pic(A, T) denote the group of invertible A-submodules of TplA. 
The following useful result answers a question in [4] and is well known for 
Noetherian rings. 
Theorem 1. If R is a normal domain, then the canonical map (Y : Pit(R) + Pic(R[X]) 
is an isomorphism. 
Proof. Let S = R -{O}. If I is an invertible ideal of R[X] such that I fl R = I, f 0, 
then I =IoRIX]=IOOR R[X] by [B, Lemma 41 or [9, Lemma 3.21. But we are 
reduced to this case by the following diagram with exact rows [3, p.136, Proposition 
7.101. 
U(K) - Pic(R,S) - Pit(R) - Pit (K) = 0 
C5 
1 J, 
a 
i 
~W[XI)- Pit (R[X], S) + Pit (R[X]) - Pit (K[X]) = 0 
In [ll] a ring A is said to be seminormal if A = {x E B]x/l E A, +J(B,) for every 
p E Spec(A)}, where B is the integral closure of A and J(B,) denotes the Jacobson 
radical of B,. It was shown in [ll, Theorem 3.61 that if A is a Noetherian ring whose 
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normalization B is a finite A-module, then A is seminormal if and only if 
(Y : Pit(A) + Pic(A[X]) is an isomorphism. We will say that a ring A is locally 
seminormal if .I(B,) E A, for every p E Spec(A). It is immediate that if A is locally 
seminormal then A is seminormal. 
Consider the following exact sequence of abelian groups [3, p. 1361: 
0 + U(R [Xl) + U(R (X)) : Pic(R [Xl, N) : Pic(R [Xl) 1 Pic(R (X)). 
Let X denote the set of nonzero ideals I of R [X] such that R [Xl/I is R -flat. Then Yt 
is the set of positive elements of Pic(R [Xl, N) [7, Corollary 2.201. Thus, by the above 
sequence, YC consists of principal ideals if and only if h is injective. Let 
LY : Pit(R) + Pic(R [Xl) be the canonical map. 
Theorem 2. The composition Pit(R) : Pic(R [Xl) 1 Pic(R (X)) is zero. If R is 
locally seminormal, this sequence is exact. 
Proof. Let A = (ao, al,. . . , a,) be an invertible ideal of R with A-’ = (bo, . . . , b,). 
Then if 0 # a E A then aA_’ is an integral invertible ideal of R. Let g = 
rO+rlX+* * 3 + r,X” where ri = abi. Since aA -’ is locally principal, for each p E 
Spec(R) there exists g’ E R[X], r E R, s E R -p, such that in R,[X], (g/l) = 
(r/s)(g’/l) and c(g’) cp. Let I be the ideal of R[X] generated by these g’. It follows 
that c(l) =R, IR,[X] is principal for every p l Spec(R), and that I is finitely 
generated. Thus I E Pic(R[X], N), and gR[X] = c(g)I since gR,[X] = c(g)Im for 
every maximal ideal m of R. Thus we have 
I=c(g)-‘gR[X]=a-‘AgR[X]=AR[X] 
and hence 
Aocx(A)=A(AR[X])=h(I)=O. 
Now if R is locally seminormal, and I E Pic(R [Xl, N) is an integral ideal of R[X], 
then since I is locally principal at primes of R [7, Theorem 3.71, it follows as above 
that if gG1 has minimal degree among nonzero elements of 1, then I = 
c(g)-‘gR[X]=c(g)-‘R[X], so that 1+4(l) = a(c(g)-‘). 0 
Corollary 1. If A is injective, then Pit(R) = 0. The converse holds if R is locally 
seminormal. 
Corollary 2. If R is a Krull domain, the following properties of R are equivalent: 
(i) C(R) -+ C(R (X)) is an isomorphism. 
(ii) Pic(R[X]) + Pic(R (X)) is an injection. 
(iii) Pit(R) = 0. 
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Proof. (i) 3 (ii). Since C(R) -+ C(R[X]) is an isomorphism [5, p. 36, Theorem 8.11, 
C(R[X]) -+ C(R(X)) is an isomorphism, and hence its restriction 
Pic(R [X] --j Pic(R (X)) is an injection. 
(ii) j (iii) by Corollary 1. 
(iii)+(i). The map C(R) -+ C(R(X)) is surjective by [5, Theorem 8.1 and 
Corollary 7.21, and is injective by [5, Proposition 6.101. q 
The implication (iii) + (i) of the above corollary is essentially due to P. Samuel [ 10, 
p. 1611. Its converse, (i) + (iii), rectifies [8, Theorem 21. 
The Schreier rings furnish a large class of nonlocal domains R with Pit(R) = 0. In 
fact Pit(R) = 0 if every element of R is primal [6, Lemma 11. 
It is well known that for a Gull domain R, C(R[X]) + C(R (X)) is injective if and 
only if N is generated by prime elements, and thus by Corollary 2, the same result 
holds for Pic(R[X]) L Pic(R(X)). But if R is an arbitrary integral domain, A is 
injective if and only if the elements of YC are principal. 
Proposition 3. If N is generated by prime elements, then each prime ideal in YC is 
principal. 
Proof. If Z E 5Y is prime, choose f E I n N of minimal degree. Then f is irreducible 
sinceiff=gh,g,hER[X];theng,hEN,andsinceZisprime,gEZnNorhEZr)N, 
say g E Z II N. But then by the choice off, h is a unit of R. Thus by hypothesisfR[X] is 
a prime ideal. But since ZK[X] = aK[X] for any a E I of minimal degree in Z, it 
follows that deg a = deg f, and since c(f) = R we see that Z = fR[X]. 0 
Note. It follows as in [ 1, Theorem 2.31 that if the elements of X satisfy the ascending 
chain condition and each element of Yt is contained in a height one prime ideal of 
R[X] (e.g., if R is Noetherian or Krull), then if N is generated by prime elements, A 
is injective. 
If R is integrally closed, then by Theorems 1 and 2, A is the zero map, and thus is 
injective if and only if Pit(R) = 0 (= Pic(R[X])). 
Proposition 4. If R is integrally closed and Pit(R) = 0, then N is generated by prime 
elements. 
Proof. Let f E N be irreducible, and let f = gh with g, h E K[X] and g irreducible in 
K[X]. Then Z = gK[X] fl R[X] E YL since R[X]/Z is R-torsion free and f E I [7, 
Corollaries 2.13 and 2.161. Thus by Theorem 1 or 2, Z is principal, and since f E Z is 
irreducible, fR[X] = I is prime. 
Remark. The local seminormality hypothesis in Theorem 2 and Corollary 1 can be 
weakened somewhat to the condition that J(R,) c R, for every maximal ideal m of 
R, where Z? denotes the integral closure of R, since only this latter hypothesis is 
needed to apply [7, Theorem 3.71. 
310 
References 
D.E. Rush 
[l] M. Arezzo and S. Greco, Sul gruppo de1 classi di ideali, Ann. Scuola Norm. Sup. Pisa, Cl. di SC. XXI, 
Fase IV (1964) 459483. 
[2] H. Bass, Torsion free and projective modules, Trans. Amer. Math. Sot. 102 (1962) 319-327. 
[3] H. Bass, Algebraic K-Theory (Benjamin, New York, 1968). 
[4] E.D. Davis and A.V. Geramita, Efficient generation of maxima1 ideals in polynomial rings (more on 
Theorems 4 and 4’), preprint. 
[S] R.M. Fossum, The Divisor Class Group of a Krull Domain, Ergebnisse der Mathematik, Band 74 
(Springer-Verlag, New York, 1973). 
[6] S. McAdam and D. E. Rush, Schreier rings, Bull. London Math. Sot. 10 (1977) 77-80, 
[7] J. Ohm and D.E. Rush, The finiteness of I when R[X]/I is flat, Trans. Amer. Math. Sot. 171 (1972) 
377408. 
[8] J. Querre, Sur le groupe des classes de diviseurs, C. R. Acad. Sci., Paris, t. 284 (1977) 397-399. 
[9] J.D. Sally and W.V. Vasconcelos, Flat ideals Z, Comm. in Algebra 3 (1975) 531-543. 
[lo] P. Samuel, Sur les anneaux factoriels, Bull. Sot. Math. France 89 (1961) 155-173. 
[ll] C. Traverso, Seminormality and Picard group, Ann. della Scuola Norm. Sup. Pisa 24(3) (1970) 
585-595. 
